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Analog modeling of Worm-Like Chain molecules using macroscopic
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This paper describes an empirical model of polymer dynamics,

based on the agitation of millimeter-sized polymeric beads. Although

the interactions between the particles in the macroscopic model

and those between the monomers of molecular-scale polymers

are fundamentally different, both systems follow the Worm-Like

Chain theory.

Introduction

Current computational simulations can not accurately quantify

the very large number of interactions and conformations required

to describe molecular phenomena (for example, polymer

dynamics, solvation, crystal nucleation and growth, molecular

recognition, etc.). Descriptions of the kinetics of dynamic

phenomena are mostly unapproachable without drastic simpli-

fications. Assumptions and approximations – some major – are

required to make aspects of static and equilibrium problems

tractable for theoretical modeling or simulation. Although we

applaud the value of digital, computational models, we also

believe that analog, physical methods1–4 have a role to play in

understanding molecular (and supramolecular) phenomena,

and we are exploring such models as a complement to theory

and in silico simulation.

The models we are testing do not provide quantitative details of

molecular properties; rather, they are intended to improve and

test our intuition concerning the effect of mechanical agitation on

the evolution of the conformation of multiparticle systems. As a

first step to explore their dynamics, we have constructed an

analog, physical model using several simplifications: (i) a relatively

small numbers of macroscopic particles, (ii) a two-dimensional

(2D) configuration, and (iii) agitation using mechanical stimula-

tion (e.g., shaking). Our physical model gives an alternative to

the analytical description and computational simulation of the

dynamics of polymer behavior.

Interpretation of the behavior of multiparticle molecular

systems often rests on important and not easily verified

assumptions (e.g., the ergodic hypothesis);5 in addition,

information essential to a complete interpretation of the

behavior of individual constituents is not available, and is

subsumed into observable collective properties. The develop-

ment of simplified systems in which all the particles can be

visualized and tracked, and in which the interactions and the

nature of the agitation that drives the evolution of the system

with time can be controlled, is broadly relevant to study

complex molecular behaviors.

We propose mechanical agitation (which we abbreviate

‘‘MecAgit’’) as a strategy for physical simulation of the

behavior of microscopic systems. In this paper, we demon-

strate that a MecAgit simulation of a short-chain polymer

reproduces Worm-Like Chain (WLC) behavior.6 We do not

claim that this model mimics molecular interactions, because

the origins of the interactions at the macroscopic and micro-

scopic scales are fundamentally different. Instead, we have

used MecAgit to simulate a specific, focused question con-

cerning the dynamics of short-chain molecules: that is, the

temporal evolution of the end-to-end distances of short chains

of beads threaded on a flexible string as they were agitated by

shaking on a 2D surface. The data describing the end-to-end

distances are compatible with predictions of the WLC theory:

in particular, we observed good agreement between this theory

and the relationship between oligomer length and persistence

length for the macroscopic beads-on-a-string model.

We controlled the persistence length of the physical system

by modifying the parameters of the chain (e.g., the composi-

tion and the shape of the beads, and the diameter of the

thread) and the parameters of the agitation (e.g., the nature,

the amplitude and the frequency of the shaking motion). We

observed a correlation between the persistence length of the

beaded string and the frequency of agitation. This dependence

suggests that this type of mechanical agitation – which in this

system is manifestly different from the agitation experienced

by molecules in solution – can be considered, in some sense, to

be analogous to temperature.

Experimental models of ‘‘beads-on-a-string’’ simulate

aspects of the physics of granular materials. Examples include

the influence of topological constraints such as knots, the

effect of confinement of the chain on a circular vibrating bed,
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and phase transitions, including glass transitions in polymers.7–10

While these last examples focused on the confinement of long

chains to areas small compared to the length of the chain, the

present paper models the dynamics of short-chain conformations

under agitation; these dynamics were not affected by the size of

the container. Experiments involving macroscopic particles make

it straightforward to control a number of the physical parameters

that define these systems: for example, the nature and strength of

the interactions (e.g., electrostatic or magnetic) between the

particles, the energy transferred to the system (e.g., the amplitude

and frequency of agitation), and the anisotropy in the motion

used to induce energy introduced into the system (e.g., by orbital

or linear agitation). Here we provide a preliminary description of

the capability of MecAgit to follow one aspect of the behavior of

microscopic polymers: compatibility with the WLC model. In

this analog simulation, the only interactions between the particles

of the chain are physical contact, and momentum transfer by

collision and by friction with the surface of the container driven

by agitation of the experimental apparatus.

In addition, we employed Monte-Carlo simulations to

rationalize the dynamics of the macroscopic experimental

model. We found that a digitally simulated system, which

behaves according to the limited set of rules that we propose to

describe the driving forces in the MecAgit simulations, also

behaves in accordance with the WLC model.

Background

We initiated our work using MecAgit in studies of the

crystallization of Coulombic crystals.1–3 Beads that were

electrostatically charged (by contact electrification) with opposite

charge crystallized into regular and partially ordered arrays

when agitated on a flat surface.1–3 These systems also showed

complex phenomena that resembled phase separation. When

these beads were connected on a string, they became a model

for polymeric or oligomeric molecules.4 Examination of the

conformations of these polymer models demonstrated (for

appropriate designs of the sequences of beads) hairpin loops;

this type of intrachain molecular recognition has an analogy in

the folding in short-chain RNA in the molecular world.4 The

driving force for the self-assembly was provided by a system

for agitation that transferred momentum to the particles

through friction between the surface of the support and the

particles, and by collisions of the particles with the wall of

the container of the experimental apparatus. In these cases, the

movement of the particles and their interactions were strongly

influenced by electrostatic charging, and by the electrostatic

interactions between charged particles.

The present study was based on experiments in which there

was no significant electrical charging of the components; we

focused on the simplest behavior of the polymer chain under

mechanical agitation, with no influence from electrostatic

interactions. Under the conditions of the experiments we

described, the bead-on-a-string system was surprisingly well

described by the WLC theory.

Worm-Like Chain model

The WLC – also called the Porod–Kratky Chain model11 –

describes a polymer or an oligomer as a string of contour

length L with a persistence length Lp. The contour length L is

defined as the length of the chain at its maximal extension. The

parameter Lp is described as ‘‘the scale over which the

tangent–tangent correlation function decays along the chain’’,

and quantifies the stiffness of the chain.6,12 If Lp is large

compared to L, the chain is rigid; if Lp is small compared to

L, the chain is flexible. According to the WLC model,6 eqn (1)

described the mean-square end-to-end distance hR2i as a

function of L and Lp.

hR2i ¼ 2LpL 1� Lp

L
ð1� e�L=LpÞ

� �
ð1Þ

The WLC theory is a purely conformational description of a

long flexible chain: it includes no specific interactions (attractive

or repulsive), no effects of size, and no dependence on time. In

this model, we consider the polymer as a one-dimensional (1D),

inextensible and continuously flexible object; Lp is the single

parameter necessary to describe the stiffness of the chain. The

calculation of hR2i comes from integration along the 1D curvi-

linear coordinate. Eqn (1) will thus always be an accurate

description, whether we consider the chain in a two-dimensional

(2D) or three-dimensional (3D) space.6 The WLC model is

typically used to describe stiff polymers, as it does not take into

account the constraint of self-avoidance present in real systems.

The WLC model is nonetheless the system most used to

describe the dynamics of polymers, especially biopolymers

such as DNA and small unfolded proteins.13–15

The dependence of the persistence length of DNA on

temperature is not obvious – in part because it is strongly

influenced by interactions among ions, the charged backbone

of DNA, and the solvent – and this dependence is still an

active area of study.16 More generally, the persistence length

of a polymer is related to the temperature, T, according to

eqn (2), where g is the bending constant of the polymer given

in Å kcal mol�1, and R is the gas constant.17,18 A consequence

of eqn (2) is that if the temperature has no effect on the

bending rigidity of the system, Lp will decrease with increasing

temperature.

Lp ¼
g

RT
ð2Þ

Experimental design

Our simple physical model can reproduce elements of polymer

dynamics described by the WLC model. The macroscopic

nature of the beads makes it possible to visualize in detail

the motion of the chain with a specificity and clarity that is not

possible with molecular species. This capability will help to

understand the implications of theory for the conformational

behavior of the chain. The mean-square end-to-end distance is

a key parameter in statistical physics of polymers, and is the

one we use to make a connection between the molecular and

the macroscopic worlds. Molecular end-to-end distances can

be measured experimentally by a variety of methods, either

collectively in solution by Fluorescence Resonance Energy

Transfer, or individually on single molecules using optical or

magnetic tweezers, Atomic Force Microscope traps and single-

molecule Fluorescence Resonance Energy Transfer.14,15,19–23
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The macroscopic experimental model makes it easy to follow

the end-to-end distance visually, and thus to characterize the

statistics of the chain.

The model, however, differs manifestly in its behavior from

that of molecules because of: (i) the differences in the nature of

the dominant forces at the macroscopic and microscopic

scales, and the response of the chains to them; (ii) the fact

that mechanical agitation in the macroscopic model does not

generate purely random motion of the components of the

chain, because the direction of transfer of momentum is the

same on all points of the chain. The simplicity of the macro-

scopic system, and the obvious similarities and differences

between the statistical description of the macroscopic chain

and of polymers in solution, make this model a useful tool

with which to study complex behaviors in macromolecules,

such as the dynamics of homopolymers in solution.

Physical experiments

The apparatus for agitation has been previously described

(see Fig. S1 and materials and methods in supplementary

informationw).4 Agitation occurred on a flat surface covered

with paper and connected to an orbital shaker with variable

frequency control. The roughness of paper assured that the

beads rolled and did not slide. A pendulum attached under

the platform, and excited by a linear motor, randomized the

direction of the movement. We placed chains of beads of

different natures and lengths on the surface (Fig. 1a). We

threaded Nylon beads (6 mm in diameter; we use the term

‘‘beads’’ to describe both spheres and cylinders) on Nylon

threads to generate the chains. These large beads were sepa-

rated by three small acrylic spheres (3 mm in diameter), which

we inserted between two metal crimp tubes to maintain the

flexibility of the chain.4 We used either sphere-shaped beads or

cylinder-shaped beads to modify the rigidity of the chain.

Increasing the diameter of the thread (from 75 mm to 150 mm
in diameter) lowered the flexibility of the chain.

We agitated the beads-on-a-string at different frequencies, f,

from 120 to 160 revolutions per minute (rpm).24 We dyed one

bead at each terminus of the string to make it easier to

determine the end-to-end distance, which was measured as

the distance between the middles of the two terminal beads

(Fig. 1b). We agitated the chains for durations ranging from

100 to 200 min, while capturing a single digital image at

regular intervals (every 30 s). We coded an image analysis

program in Matlab to determine the end-to-end distance on

each frame. We calculated the mean-square end-to-end distance

hR2i over a large number of snapshots (between 200 and 400)

for different lengths of chains (Fig. 1d and e) and compared it to

the analytical WLC model.

Monte-Carlo simulation

We performed Monte-Carlo computer simulations using a

model with digital parameters equivalent to those of our

physical beads-on-a-string model. The string was a fixed-

length 1D object and, as in the mechanical model, we simu-

lated three types of beads: large beads, small beads, and small

fixed beads (Fig. 1c). We centered fixed beads at defined

positions along the string and fixed the string straight inside

Fig. 1 (a) Schematic representations of ‘‘beads-on-a-string’’ chains

comprising either four spherical beads or three cylindrical beads. The

beads at the termini are dyed in blue for visual contrast in image

analysis. Each sphere or cylinder is separated from one another by

three 3-mm balls (grey) and two crimp tubes that assure the spacing

and flexibility of the chain (black). (b) R represents the end-to-end

distance measured from the images. (c) A graphical representation of

the model used for Monte-Carlo simulation with four large mobile

beads (green); each bead is separated from one another by three small

mobile beads (green) and two fixed beads that constrain the movement

of the mobile beads on the string (purple). (d) Representative digital

images captured under agitation of spheres-on-a-string of different

lengths L (4, 7, 11, 14, 17, and 21 spheres per string corresponding to

L = 5.8, 11.6, 19.4, 25.2, 31.0 and 38.8 cm). (e) Representative images

captured under agitation of cylinders-on-a-string of different lengths L

(3, 5, 8, 10, 12, and 15 cylinders per string corresponding to L = 5.4,

10.7, 18.4, 23.9, 29.2, and 37.5 cm). Scale bars: 2 cm.
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each bead from its entry point to its exit point. At the entry

and exit points, the string was allowed to bend at any angle

between�90 degrees and+90 degrees. Bends greater than this

range would allow the beads to overlap. Non-fixed beads

could shift in one dimension into adjacent voids along the

string. Beads were not allowed to overlap in space.

We controlled the chain flexibility by controlling the ratio of

the total length of the string to the length of the string inside

the beads, which corresponded to the sum of the diameters

of the beads. For example, a chain of flexibility 1.0 was unable

to bend, whereas chains of flexibility 1.01, with 1% exposed

string length, and of flexibility 1.20, with 20% of its length

exposed, might both bend without the beads overlapping in

space. We measured the fluctuation in mean-square end-to-

end distance hR2i of chains with the same number of beads as

the analog physical system and compared the results to the

analytical WLC model. Lengths are given in arbitrary units

(a.u.); one a.u. corresponds to the distance between two

nearest beads in a totally extended conformation.

Results and discussion

Behavior of macroscopic beads-on-a-string under agitation

We considered three different chains of beads: two chains of

spherical beads (6 mm in diameter) threaded on different

threads (75 or 150 mm in diameter), and one chain of cylind-

rical beads threaded on a 75 mm-diameter thread. Under

agitation over a period of 100 to 200 min, the chains bent

and translated across the surface. Fig. 2a shows the depen-

dence of hR2i on the contour length, L, calculated from the

experimental data. We fit the data with the WLC model

formula given in eqn (1) and found excellent agreement,

(r2 4 0.99). This correlation showed an increase in Lp while

increasing the diameter of the thread (Lp = 3.6 cm for a

75 mm-diameter thread and Lp = 7.8 cm for a 150 mm-diameter

thread). Altering the geometry of the polymeric beads had a

drastic effect on the persistence length of the chain. For the

same diameter of thread, Lp was 7.8 cm for spherical beads, and

12.2 cm for cylindrical beads. We are thus able to tune the

persistence length of the system by adjusting either the diameter

of the thread or the shape of the beads.

Eqn (2) predicts that the persistence length of a WLC is

proportional to the bending rigidity of the polymer. The

experimental results showed an increase in Lp with the

diameter of the thread; the trends described by eqn (2) are

thus reproduced in the MecAgit model. The WLC description

was still valid when we replaced the spherical beads by

cylindrical beads: Lp increased, reflecting an increase of the

rigidity of the chain. The cylinders-on-a-string is still described

by the WLC model because, even though it is constructed with

cylinders, the chain is still 1D, inextensible and continuously

flexible; the presence of cylinders did not prevent continuous

bending. The supplementary information gives the distri-

butions of R (Fig. S2w).
For the WLC model, whether by simulations or analytical

studies, theoretical descriptions of the distributions of R are

complex and still the subject of active discussion.25,26 The

detailed analysis of these distributions is outside the scope of

the present article. Modifying the physical properties of our

simple beads-on-a-string model leads to changes in the dynamics

of the system that are qualitatively compatible with the WLC

analytical model. We thus infer that our macroscopic experi-

mental system models at least some important aspects of WLC

behavior, and can thus be useful in exploring conceptual aspects

of the dynamics of homopolymers in solution.

Monte-Carlo simulations

We performed Monte-Carlo simulations as described in the

Experimental Design section. Fig. 2b shows the evolution of

hR2i as a function of L for different flexibilities of the

simulated chain. We fixed the flexibility from 1.01 to 1.20,

where larger numbers correspond to more flexible chains. We

fitted the experimental points with the WLC model according

Fig. 2 (a) Mean-square end-to-end distance as a function of the

length of the chain for spheres on a 75 mm-diameter thread, for spheres

on a 150 mm-diameter thread, for cylinders on a 75 mm-diameter

thread, and their corresponding Lp calculated using the Worm-Like

Chain model. The frequency of agitation was 140 rpm. (b) Mean-

square end-to-end distance as a function of the length of the chain

obtained by Monte-Carlo simulation for flexibilities equal to 1.01,

1.02, 1.05, 1.1, 1.2, and their corresponding Lp calculated using the

Worm-Like Chain model. See the text for the definition of flexibility.

Error bars are 95% confidence intervals.
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to eqn (1), and found good correlations (r2 4 0.98). The

persistence length decreased from Lp = 8.0 a.u. to Lp =

1.3 a.u. for flexibilities going from 1.01 to 1.2 (corresponding

to decreasing the stiffness of the chain). The Monte-Carlo

simulation reproduced the results obtained for the macro-

scopic model. We chose the parameters for the simulation to

match the magnitudes of the L/Lp ratios obtained for the

experiments, and these magnitudes ranged from approxi-

mately 0.5 to 10. The L/Lp ratios reflect the flexibility of the

chain: L/Lp c1 corresponds to a flexible chain, and L/Lp { 1

corresponds to a rigid chain.

The distributions of R in experiment and simulation (given

in the supplementary informationw) are qualitatively similar

for comparable L/Lp ratios. The simulations thus provide

useful insight into the parameters that are important in

controlling the mechanisms of macroscopic chain dynamics.

Indeed, numerous external parameters are important for

this macroscopic system (e.g. friction, kinetic energy, and

momentum transfer through collisions) that can be irrelevant

or absent in a molecular system. Although none of these

parameters is present in the Monte-Carlo simulation, we

obtained the same behavior as in the macroscopic experiment.

This result suggests that those factors do not play a crucial

role in determining the outcome of the experiments.

Obtaining similar dynamics for both the simulations and

the macroscopic experiments confirms the universal appli-

cation of the WLC model for 1D inextensible and continu-

ously flexible objects: that is, for chains stiff enough to comply

with the self-avoidance conditions. Both our MC model and

MecAgit model fulfill the necessary conditions for WLC

behavior.

The macroscopic forces (e.g., gravity, friction, collision,

tension) that determine the behavior of the macroscopic

system are fundamentally different from the forces that regulate

molecular dynamics (e.g., electronic repulsion, electrostatic and

dipolar interactions, interactions with solvent). Nonetheless,

the WLC model apparently applies both to our macroscopic

system and to stiff molecular polymers. We thus propose to

use the beads-on-a-string MecAgit sytem to model WLC

molecules, and to include this analog system, and variants

on it, in more complex designs comprising supplementary

components that mimic solvents, intra-chain interactions,

etc. The 2D design of the MecAgit model is not a limiting

characteristic in describing the dynamics of 3D systems,

including molecular polymers. Indeed, using arguments we

developed in the introduction, the MecAgit model gives

identical results in 2D and in 3D, as long as we consider a

1D inextensible and continuously flexible object.

Effect of the frequency of agitation

The macroscopic model is sensitive to the frequency of agita-

tion f. Fig. 3a shows the change of hR2i as a function of L for

chains of spheres with a 150 mm-diameter thread, for three

different values of f (120, 140 and 160 rpm). As described

above, we fit the data using eqn (1), and observed a decrease of

the persistence length from 9.2 to 5.8 cm when f increased from

120 to 160 rpm (Fig. 3b). Eqn (2) indicates that Lp for a

WLC molecule is inversely proportional to the temperature,

while the rigidity of the chain, g, does not depend on

temperature. Lp of a WLC molecule decreases with increasing

T, and we observed a decrease of Lp of the macroscopic chains

with increasing f.

Temperature at the molecular scale is proportional to the

average kinetic energy of the particles.5 In the MecAgit model,

the movement of the chain is induced by the agitation of the

apparatus; as f increased, the elements of the chain rolled more

rapidly on the surface. The concept of ‘‘granular temperature’’

in granular systems has previously been defined as the fluctua-

tion of the kinetic energy of the grains, and is related to the

frequency of agitation.27,28

Our macroscopic system is a simple interconnected granular

system, in which the beads have been linked together. Even

though a detailed kinetic study is not within the scope of this

paper, we did observe a significant decrease of Lp as we

increased f. Since we see no obvious reason for an increase

Fig. 3 (a) Mean-square end-to-end distance as a function of the

length of the chain for spheres threaded on a 150 mm-diameter thread

with changing frequencies of agitation and their corresponding Lp

calculated using the Worm-Like Chain model. Error bars are 95%

confidence interval. (b) Evolution of the fitted persistence length Lp as

a function of the frequency of agitation f, with standard errors.
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of the rigidity of the chain when increasing f, we assume that

the evolution of Lp is related to the change in f. The decrease

of Lp of the macroscopic beads-on-a-string with the frequency

of agitation can thus be compared to the dependence of Lp in

polymers with temperature. Further investigations are under

way to deepen this understanding of the relationship between

the frequency of mechanical agitation of macroscopic particles

and temperature at the molecular scale.

We performed Monte-Carlo simulations to mimic the

temperature effect by adding an inertial term that introduces

an energetic penalty to bead movement (Fig. S3w). We were

able to reproduce the decrease of hR2i for a given L when we

decreased the inertial term; this increase, in our system, would

correspond to an increase in the thermal energy of a molecular

system, since only the ratio of inertia to temperature is

important. We thus reproduced the decrease in Lp with an

increase in the thermal energy observed in molecular systems,

in accord with the expectation for Worm-Like Chain behavior.

Conclusion

The macroscopic experimental system of beads-on-a-string,

which we present in this paper, behaves with the same statis-

tical description as the WLC theory – a commonly used model

for stiff polymers such as DNA or short-chain unfolded

proteins. The universality of the WLC description for both

the 2D macroscopic MecAgit model and some 3D molecular

polymers is the consequence of the characteristics selected for

the model: 1D, inextensible, and continuously flexible.

Nevertheless, the nature of the interactions that regulate the

motion of the chains is different at the macroscopic andmolecular

scales, and in particular the motion of the macroscopic beads does

not follow Brownian motion. The MecAgit system is thus not

suitable to describe the microscopic properties of molecular

motion, but it does have remarkable phenomenological simila-

rities with statistical descriptions of molecular behavior. Its

conceptual simplicity and its ease of visual characterization

(due to the use of macroscopic beads), makes it an interesting

complement to analytical models and simulations. These characteri-

stics also make MecAgit systems conceptually simple pedagogical

models, and one with which to gain and test intuition.

The phenomenological similarities of our macroscopic model

to WLC behavior provide new opportunities for comparing the

response of the MecAgit system to more complex phenomena.

Simulations of phenomena such as polymer-solvent mixtures,

phase transitions (e.g. coil-globule), and self-assembly are

currently under investigation.
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